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Abstract , Solving egustioas is eleseatarf algebra requires 
Anoifledce or the persisted os«erations, and Icnovledge of vhat 
operis&tion to use at a given point in the solution process* 
Hhile ^ust these JLLnas ot Knowledge tfould be adegnate tor an 
ideal isolver, auaan solvets appear to need and use other 
&iads o£ &no»lea<je. First, iiany errors seea to indicate 
that single opeci&Lxons of c^lgenra are often represented as 
collections of ut&rts vhicn say nave independent status. 
Second^ operations see& to be connected, often 
inappropriately, «ath a general scheae for syabol 
■anipulation. Tnird, varioas .<xnds of knowledge are brosght 
into play to detect ercoirs. Evidence about the role of 
these jcinds of jcnovledge « found in the solutions and 
coasent^ ut college students, is discussed, and soae 
inplications for instruction ore considered. 



I'd lij^e to talK about soae of the things students know 
about solving equations in eleaentary algebra. Obviously, 
successful solvers have to knov the legal aoves of the 
algebra gaac:, ana t<aea to kaXe thea. aut there's apparently 
aore to solving than lbat« at least as people play tbe gaae: 
other jciads of knowledge are involved. I want to discuss 
soae of this extra knowledge. For evidence and ezaaples 
1*11 fie uraving on a set ot protocols that. John Bernard, Bay 
Carry, ana I collected froa college students at the 
Onxversity of Tetas at Austin- 



Taiii *OA.k dtiij, :jUppoEtfcd Dy a tjrant iroi tne ^oint NIE-8SF 
pcoqraj. tot heEfdfca on Cotinitive Vrocesses in Science and 
Aataeaatics, u;dtX by IB.l . 
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Pieces of procedureb- 

Let*s looi( fixst at the legaX mowes solvers KaTe to 
jLnov. It appears that soae students don*t tnos these as 
neat little packets* with each packet holdia? . a procedure. 
They see* to know about a coXlectioa of pieces of procedures 
that can be put toget^ier t;g m^ke legal voves. (At least # 
the a ope is thdt they can be put together this »af •) Here 
is an ezaaple oi this kind of knowledge* 

Look, at the errors shown xn Figure 1. In each case* tuo 
tractional expressions are coabined incorrectly. But the 
incorrect cosbinations are not arbitrary. In fact* as shovn 
xn the Fi.gure* the procedures used in each case can be 
dissected into pieces, each of which is found in sone 
correct procedure for conbining fractional expressions* This 
suggests that whdt these students know is not a way to add 
these expressions, say, but rather a repertoire of 
opeidtions Laat way be drawn on is adding then. 

It's int*.r«^;stiac that Karen Ldritin found the same thing 
bdppening wnea sue studied adults' procedures for doing 
arithJietic on fractions (Larkin* 1978) . It is plausible 
tnat students cacry over to the alqebraic combination of 
fractional expressions the operations they learned in doing 
arxtnwotxc on irdctlous. 

A question is rdistjii by the suggestion that students ^ust 
Know {leces oi procfcdures. How do we know w hen the pieces 
are put tOi,ethuL? It coula be that at sose point in the 
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Procedures Add suaerators, as in additioa of 
fractions vit& cobs on denosinator • Then 
place over coksoa denosiaator. 

2 • 

z «*{z(2 -» X) ♦ 2(2 « zMz ) 
{<* ♦ 2/x) ( ) — > 

2 ♦ X X ♦ 2f 

Frocedare: Co&v(»rt all ter^s to coasoa 
denoaiiJidtor ^of r (2 ♦ xy . Tliea coi&iae 
naaerators cjuccording to tae Indicated 
operations and place result cvec cosson 
denoainatoc . 

7-x*3 7-x*3 

1 X 1 - X 

Proceaures Comljiue nuDit;ratox:s and denoainators 
according to tae indicated operation # as in 
aultiplication. 

4 2 8 
- ♦ - — > - 

1 X X 

Proctednre: Apply aetaod tor aultipiicdtion. 
FA<}are 1. Soae errors in coaoining tractions 



past the student (incorrectly) built up a procedure for 
coabining fi::?ctions froa disparate pieces, but at the aoaent 
ve are watcbing, tnis incorrect procedure is neatly 
packaged, with the Knowledge about the pieces long 
forgotten- It would be na.ce to Ixawe aore direct evidence 
than do on tnis point. larkin found changes in the 
procedures uijed by a given person that suggest there vas no 
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establishad profieduxe available, te collected o&e protocol 



1 » 1 1 This one X can do. Cross soltiplf* 

- — ♦ - 
i X 7 

1 

- = 7 ♦ z It doesii*t sees to ue like that*d be right. 
3 

OK all ricihtt it*s not right. 



3 7 

Figure 2. Protocol shovxnq attempts to coahine fractions 



fraqaent, lihovE in Piqare 2, that aay show an operation on 

iractionc&l expre&>sions beiag built. &s shown in Pigare 3, 



11- 

- ♦ - — > 7 ♦ X "Cross saltiplication** lay occur 

X 7 as part of the adclition procedure, 

a/b ♦ c/d — > (ad ♦ bc}/bd, xn viiicn 
it is used t.o fora the noaerator, or 
as tx misapplicatioQ of the operation 
a/b = c/d — > ad = be, «ith 
replaced by 

11 X 

- ♦ - — > - Invert 4ad scltiply, as in division 
X 7 7 oi tractions. 



Figure 3. Analysis of the operations atteapted in Figure 2. 



the procedures the student considered do drav on the 
repertoire of pieces of Xeaal operations on fractions. 

i>o here's oue Kxad at extra Knowledge students seea to 



o 
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itave* They soaetises knov pieces of legal lovesf not the 

le^idl Maves thes&elves. Oi course, this k&ovledge is ■^eztsa* 
only in the se&se that if one did kaov the legal soves one 
iioaXds*t need this other stoft. 

iaotiier Jtiad of "extra" knoiiledge is Juiov ledge about 
syvbol aanipulation , He are accastosed, I thiak, to deplore 
"blind syabol adaipuiation" cs an unproductive approach to 
Katheaatlcs for students, ke nay perhaps also note (as I 
will helowl that »ie*ing latheiatical operations as just 
operations on syai>ols throws away redundancy in the systei 
that can toe used to detect errors. But I want to suggest 
that seeing algei>rd , as sysitol sanipulation is even nore 
l^ernicious, xn that it actually prosotes wrong ideas. 

Tae key notioas xa syibol xanipulation are deletion, 
rearraage«ent , replacement: those are the things you do 
witii syabolti, fiewing algebra thxs way, yon try to get rid 
of things* rearrange, and replace, until you have "X = 
sonettiincj" witii ao I ia the soaetaiag . tfhat's dangerous, as 
opposed to just subopti»al, xn this view? it saJces salient 
those aspects of the operations of algebra that have to do 
with deleting, rearranging, and replacing at the ezpease of 
otner critical aspects. 

Consxder deletion. The coawon operations that have the 
eix^ct of dcietojig taxags are suntcactxon and division, as 
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z ♦ a — > a by suDtractxug z 
az — > z l>y dividing by a 

figure 4. Subtraction and division as deXetioss. 



aXlostTctted in ^iquve 4. In the syabol Manipulation Tien of 
algebra » tbese becoae close cospanion operations — they do 
"tb*^ saiiB tbinii" — and we sight expect their differences to 
be iynorea* But that's jost what Aappens — looK at the 



2 

X = 2x z 2 "Could Z snbtra^ an x froK 

these ones?" 

z « 2€z ♦ 2Cz ♦ 2)) = z « 2 — ^> 

z ♦ 2Cz ♦ 2) =0 "Subtract" 

2 

z ♦ 3 ♦ z = z — > 3 ♦ z = z 
t2z X * M 

12 12 

Figure b. One student's confusion of subtraction and 
division, vith his cosaents. 

ezasples in Figure 5. 

The confusion say give rise to a generic deletion 
o^2:at2.oii, Uiat combLnes the features of correct subtractxoQ 
and axvxsxon. In t.ne last three eiaaples In the figure, it 
ftaf appear that the student is breaking a basic rule of 
olgeti£a, xn that he is doing uilxerent things to the tvo 
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sides o£ thtt equation. Bot giren the gssecie d0lft^io& 

ope£ata.oii« bis axscosceptj.on Is sees to 2>e qa^te di£fsce&t» 
and perhaps less basic. Be 4^ doiag ^the sase thi&f* to both 
sid«3S. He's deleting • 

The generic deletion operation can also accc t for the 



ax z 

Correct exa&ple: — — ^> - 

ay y 

2 2 

X ♦ (X ♦ 3J T 

Incorrect exanHl^s: — — — ^ — > — 

J(x ♦ 3) 3 

X ♦ ax 

-~- — — > X ♦ X 
a 

2 

X ♦ X ♦ 3 2 



■> X 



z ♦ 3 



Fxgure 6. suplif ying fractional expressions by deleting 
eleaectfi coftffioa to suserator and denoBiaator. 



veiy coasQn errors ^hovn i& Figure 6. ihat the students are 
doing i.£ deleting tiie sase thing in nnaerator and 
desofilDator, not dividing* Division is just a special case. 

Figure 7 shovs sone ezaaples of correct rearrangeaent and 
replaceaent of syabols. Let*s call this "reconbination". 
In each case, sysbols are counted and replaced by an 
expression that ezbodies the identity ot the syxbol* and the 
count. Uell, tiiis asetul pattern of recoibination seeis to 
st<iad out above tile aetdils, tor sone students* lii^e the 
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♦ X <* X — > is 

3 . 

X Z Z — > X 

Figure 7. Becoiblaatioa operatioas. 

dlfiaitf of suttcaction aad division* The distinctloa 
b«>trfe(i& (iatiition aati ftuitipXxcation gets lost* Look at th9 

2 3 

X ♦ X ♦ i — > X ♦ i 
y ♦ yz — > 2yz 
2 

p ♦ p — > p 

"x is oae'-half o£ z sguared" 
ax ♦ tax « ab — ^> 2a ♦ 2i> ♦ 2x 

Figure 3, SecoBbinatioa co&fusioas. 



exAnpXes xa Fiquce 8. 

Xa these exaapXes^ and the deletion cases discassed 
before, it appears tbat what studeats kaov about algebra is 
shaped, and ia fact distorted, by ulsat they kaov aboat 
symbol aaaxpalacioa. This viev is cossisteat with ilatz*s 
proposals (1979) about ttie origia of errors ia algebra 
ieaz&ing. .latz ea^hasize^; the role of i&ternal "critics" 
that try to sa^e su£e tsidt the operations performed are 
coasxsteuc vita whot the studeat &aoifs about the legal 
•o«es». It ^eis lxki;i.y tafat the sysbol adaipuXatioa model 

9 



forss ft& isportast part ot Xh^ ksovledge these critics 
esDodj, for sose stuaants* 

Tbe last kisd oi kaowleage tiiat I vaat to discass is 
&&o)iIe«i<ie that's used %q detect errors. Ve caa distinguish 
two Kiaus. First, flgarc ^ shoiis sote remarks that iadicate 
taat students aoaitor their progress as thef work o& 
pro^leBs, oeia^i e>ea£»i.tife to soae indications that soaethiag 
aay navc^ goae vroag. Second* there are a acaber ot va^s 
iitudeats have of caechuxg their vork* Figure 10 describes 

ffethod Huaber of studeats (a»3<i) 

substitute answer 14 
ia eguatioa 

Betrace solution or 7 
^a.rt ot solution 

Ose an inverse operation 5 
(e.g., multiply to cneCK 

iactorxng) , 

Try a second solution 4 
method 

Other 2 

Figure 10 • Ketaods ot checkiag observed aaoag 34 college stadeats. 



the acthodfe we o&served students u^intr. 

Although it's clear that eanf stodeats do have and use 
&no«le<j<e dJ>out aiouitorj.aq their proqress and checkiag* 
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lilt 
R z y z 



— > 



21 

7 — ^ 3 > ;e 3 2... 



y2(» - = Ex(z y) — > 



Lack ot solQtion; 

9(x ♦ ^u) = 5C3t ♦ ^0) — > 9 = 5 



2 

X - 2x ♦ i ^ G 



•X»ft 9oi89 to try a 
a different «av. I 
do&*t liJce that. Xt*s 
too complicated •« 



*Ta)Le the z over to 
this side aad brlag 
this seven throQgh. 
Caa't do that." 



"we^re going to 
factor oQt^'naw, that 
Mill give se the 
thing I started vith" 



"Sine equals five 
doesQ't exist, so I*« 
going to work, on the 
proxies** 



"This one doesn't 
sees to factor very 
well. That's why, I 
■ade a nistake." 



Figure 9. Eoaitoring the progress of the solution process. 



nev*irth»?lejis there are gdps in this icnovledqe that takes it 
less effective than perhaps it night he. What students need 
to t*v ahlG to do, t;j»i*«jc^ally poor .jtudeot^, is not so such 



o 
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<l«teet as orsor on a pcoblfiB« bat tfttMc d«tcct 

checking aethods studdsts ase ace &ot well Adapted to use 
foe tills )s.liid of &aov ledge srefineaeat. The retsraciA? eethod 
»o&*« detect stable # conceptual ecsors. The sabstitiitioB 
•etnod caa*t be ased a&til as aasver is obtaiaed« and won't 
l>ia{)Oxnt vhicb step in a srolution is lanlty« 8hat*s needed 
is a aethud that can detect staale errors# but nnlike the 
fiubstxtution setaod can be used in the aiddle o£ the 
solution procosif to qi/e' feedbacii on a single donbtfnl 
step. 

So students do have Knavledge the; can nse to detect 
errors, sot their jcnowledge is not well tailored to their 
needs* 

lepxiCAtioag 

Ve*ve nov t^iKed anont three k.inds of knov ledge stndents 
see* to hdve^ auove dsd tK^yona the obviously aecf^ssar^: 

•JTaey itaov about the legal lOTes, hot not always the 
Boves thewselves 

.>The7 know things aboat sfwbol wanipnlation that say 
Bislead thes about algeoca 

•) T&ey KaoM some vd/£: to detect tAcir ova errors 
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these points are perhaps interestia? froa 4 aatoral 
hXstozj standpoint bat the; hafe iiplications tot pedagogy 
as veil. 

Let's go hack to Jcnoniag pieces of legal aoves. Given 
tixat. students IooJl on operations on fractions as collections 
of Kore or lei»s faixij^ar pieces whose specific cotbinations 
are poorlf understood^ laybe «e can help theft vith the 
specitxc probies of Ke«i:piag track of vhat pieces go with 
which operation. One vay to do this is to learn a conple of 
si»ple examples as patterns, lilte one-half plus 
one-qcdrter. Fiqure it shows how this pattern can be used 



Pattern: 



troctsaure: 



Test: 



1 1 3 

- ♦ - — > - 

Add nutaerator.^, place over coiaon denominators, 
as xn 

1 2 2 

11 1*1 2 3 

- ♦ - — > — > - not = - 

2 4 4 4 4 



Figure 11. Testing a procedore for coabining fractions. 



to detect one of the errors in Fiyote 1. 

Let's looX sore closely at hov this use of patterns 
¥ociis. ha s&oMii in Fi^c^ure 12, the student sets op the 
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Dosaln of Sfabois and I Doaaio o£ numbers and 
operations on thes. I and operations on them. 

I 

I 

1/2. •••••••• .represents .one-half 

I 

1/1 ......... .represents .one-quarter 

1 

procedure I 

under test •••••represents ••••••• •••addition 

I 

resulv. of X 
proced are , X 

.... should represent ••.••. ••.three quarters 

I 

I 



l^itjure 12. Lo(|ic of test snown in Figure 11. 



oper^indi?, 1/2 dnd 1/4, and applies the procedure that is to 
be tested. The result is 2/4. Nov this sjstei, of 
operands, procedure, ana result, is irredundant: there's no 
Mdf to tell vhdt the result should be, so there's no way to 
tell y&et£ie£ the proceUure xs correct. What has to be added 
is relation between this system and actual numbers, as 
opposed to vritten symbols. The objects in the symbol 
domain represent nuibers, and the symbolic procedure is 

« 

suppost'd to reprt2sent iidditioa. Now the system is 
redundant. The result of applying the procedure has to 
represent tne result ot adding in the number domain. But it 
doesn't, so the procedure is wrong. 

1£ we now turn to the errocs spawned by the 
symtiol-Bdnipuiation vxew ot algebra, we find that the same 
general iaea of reprgsenta tion can be used to expose these. 

u 
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stcings ' Z calcolations 

I 
I 

y ♦ 7z...«...represeat£«**.*.....Hiiltipl7 f and z 

1 and add 

I 

2f2 .represents •••••Saltiply 2« y, z* 

I 
I 

I Por y=2 aad 2=3, 

I the first caXcQlation 

I gives 8» vhlle the 

I second gives 12. 

I They are therefore 

I not equivalent. 

I 



ifigure 1i. Detecting a recoabination error » 



The autolysis xs shown xn Fxgure 13. In this case, the 
prohleia is to tell whether two expressions, which through a 
recoBbxnation confusion sight be thought equivalent, really 
are equivalent. As syanol strings, there's no way to k,nov 
wheth«r j ♦ yz and 2yz can be regarded as equivalent or 
aot. ijut the expressions represent other things, just as 
1/2 cepL^sunts d nuiiaer- An expression represents a 
calculation, a recipe for cokbining nuxerical ingredients 
arith««txcally- For example, y ♦ jz represents a 
calculation which aight otnerwise be expressed as "HultlpXy 
y and z, and add y." Two calculations are equivalent jusl 
Kiic'u tucy always give tae saae retiult for the saae 
lngL'fc:di«£nt^. but thi^ gxv&s a siiple way to tell whether 
two cucuiatiOGc are e^^uiv.iient : just carry then out on the 
&aB» xngr^'UXt^nts and coKpare tne results. Sonetiaes 
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dXitetent calcalations tfiXX look the save for a fev eases, 
but two caXculatloas agree ijx tvo cases vitixout a Xot. o£ 

« 

zeroes aad ones xn the ingredients thef prolkablf are 
eqaivdleat. 

This co&parxsott Bethod tor calcQlations sov aXIovs qs to 
tell whether two eipgessions are equivalent, as shown in the 
tagtre. Petting the r«sj presentation relations in this sfstes 
aak«;S xt redundant in :Just tie saae way as in the case of 
operations on tractions* 

nou we've «ad«? soae sucgestions ahout the first tvo kinds 
of knowledge tfe*re considering: knowing pieces of 
f^rocedures, and knowing hov to manipulate synbols* Bnt in 
fdct this has led as to talk abont the third kind of 
knowledge, knowing how to detect errors. In fact the 
cnecAxng procedure we've jast been discnssong is jast the 
sort oi procedure we argued students don't know and should. 
XtLia, procedure — let's call it "trial evaluation" — can 
detect noth stable and unstable errors, and can be used to 
evaluate a single step in tne niddle ot a solution. It can 
test tae validity' ot any step that can involves the 
tepidCfc*»e.ct of aa expression by an equivalent one, end wost 
steps have t.hat character. 

If students knew about trial evaluation, would they use 
it? That reiains to be seen. Students often express doubt 
anout tte correctnei^s of steps, but taey don't know what to 
do about the doubt. One student's views are given in Figure 



PAGS 16 



Staiient: 
Experise&ter: 

Students 
Zzpera.£,eate£: 

Student: 

Figure 1U. A conversiitioa csaont checJtiag knonledge. 
14. Trial evalGatioa say help. 

Tlie axrgax&ent for trial evaluation, or for asiog patterns 
t.o checi^ operations on fractions « happens to fit a faiiiiar 
for a: if students xne» tbe aeanancr of the things they 
■aaipulate they cooid avoid sistaj^es. But I think it is 
lapurtant iiot to put th*? case this #ay. It suggests that 



Is there a rule yon could tell me that 
would tell m&9 that voold tell me when 
X could cancel something of that sort...? 

That I could tell you* that I could tell 
you, no. Th€t hoot could tell you* yes. 

X sean apart fros asking soiieoae if 
there is any way that X could figure out 
vhether a particular thincr that !*■ doing 
vould De correct or waether it wo»iidn»t 
he? Can you give me any advice along 
tose Ixnes? 

It's always safe to ask the teacher if 
you don't knov something, fiaybe consult 
a frien«i tfho is uoing veil in the sai)3ect 
or knows vhat he*s doing. 

If I>B all by myself in. a locked room or 
something is there some vay X could 
figure it out, like is there some may X 
could relate it to other things that I 
■ight knov a£>oQt algedra, or do I have 
to, you snow, are the rules just things 
that you have to know or... 

Tou*re going to have to knov the rules. 
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y 

"seani&Q* ±s sose generally good thiag that ve should 
e:^pXoit«. ana perhaps tnere are aasy ways to do that. One 
sight try (as ve haTe) to convey "aeanlag" by teaching the 
matnesiitical abstractions, like "distrihativity", that 
describe arithsetic. But In fact this knovledge cannot be 
used in a practical procedure to coapare two expressions # 
ana v&at xspurtant is not "aieaning** bat what ^t lets yon 
do , "neaning* doesn't aaXe trial evaluation good; rather « 
trial evaluation is one t.hxng that aa&es neaning good. 



/ 
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